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Localization Principle for Differential Complexes and Its Application
By Isao NARUKI (Comm. by Kunihiko KoDAIRA, M. J. A., Sept. 13, 1971) 0.
In this note we announce a general principle for proving the exactness or the partial exactness, in sheaf level, of complexes with first order differential operators as their differentiations, and its application to the Dolbeault type sequences for real submanif olds in complex manifolds.
Throughout this note we assume the differentiability of class C°° for manifolds, vector bundles, differential operators and so on, unless otherwise stated. When F is a vector bundle over a manifold M, C°°(F) denotes the set of smooth sections of F over M, while C'(U, F) denotes the set of smooth sections of F over an open subset U of M.
Localization principle.
We shall first fix a differential complex i-1 2
...
where E1, i e Z are (complex) vector bundles over a manifold M, and ai : E1-E11 are first order differential operators such that a2+1, ai=o. For brevity we denote this complex by E• and the corresponding complex for sections (C°°(Ei))2EZ by C(E). Now we shall list up the definitions which are needed to formulate the fundamental theorems. Definition 1. A subcomplex A•=(A1)I+Z of G(E) is called complete if and only if (1) A1, i e Z are complete locally convex topological vector spaces such that the inclusions A1cC°°(E1) are continuous and (2) a2 A2: A1-+A1' is continuous for these topologies. Definition 2. Let A•, B• be two subcomplexes of G(E) such that A• cB• and let s2, i<q be linear maps from Ai to Bi-1. The family of maps s=(s1)2<q is said to be a (-oo, q)-homotopy for the inclusion A•cB• if and only if (1) (ai-1si+sZ+1a2)u=u for i<q and for u e A2, and (2) aq-1squ=u for u e Aq such that u=0.
In case A•, B• are both complete, s is said to be continuous when each map s1, i < q is continuous. (1) fu, fu, cp(f)u e Ai for any u e Ai and for ~o e Co (C). The E•-analyticity is a local property and the product of two E•-analytic functions is again E•-analytic, in fact there is a way to define E•-analytic functions to be solutions of a homogeneous first order differential equation.
To state the fundamental theorems we still need some notation : Let K be a closed subset of M, and A• a subcomplex of C(E). Then A{K} is a subcomplex of A• whose terms A{K}, i e Z, are given by Ai{K} = {u e A11 supp u C K}. The proofs of these theorems are both based on the Oka maps M zH(fi(z), z) e C i=1, 2, • • p having appeared implicitly in the notation [V] f in Definition 4. The method bears some resemblance to the proof of Theorem 2.7.6 in Hormander's book [2] .
The following corollaries will clarify how to apply the fundamental theorems. First we shall define the Dolbeault sequence for a closed real submanifold M of a complex manifold X. (Note that the assumption of closedness is inessential because any submanif old of a manifold has always a neighbourhood in which it is closed.) Denote by 1° the sheaf of germs of smooth functions in X which vanish when restricted to M, and by Q(p,q' the sheaf of germs of smooth (p, q) forms on X. Set further Q _ Then Q is a sheaf of rings by exterior multiplication.
We denote by I the sheaf of ideals of Q generated by 1°+a1° where a : Q(p,q)-~Q(p,q+l' is the differentiation of the Dolbeault sequence for X. Following Kohn and Rossi [1] we now define sheaves Dip>q' so that the sequence 0-J---Q D(p,4o) )__~ .. . are exact.
Here we have written P (Q, D(P)) for the set o f sections of D(P,~) whose supports are compacts in Q.
This theorem is first proved for the standard real submanif olds in the sense of Tanaka [5] . The method is based on a priori estimates such as used in Hormander [2] [3]. We pass from the standard case to the general, with the aid of a sub-ellipticity theorem concerning the Dolbeault sequences D(p''.
This theorem is a consequence from Theorem 1.4.2 of Hormander [4] ; it ensures the stability of the a priori estimates when approximating a given real submanif old by a suitable standard one.
The proofs of Theorems 1-3 will be published in Publ. Res. Inst. Math. Sci., Kyoto Univ., Vol. 8, No. 1.
